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\ ` m] j

j` U]T[ f X`a XT[[c`a XcpPZb`a d]P O[ lP][X [TjsP` X 	]bbPZsOba [cp`aaZb`[b
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dPZa` `[ pTjdb` XO pT[b`ub` [T[
bTmcP][p` ]O sPOZb TOZ
bTmcP][p` 
 m 	` `b X` pe][` [T[
bTmcP][p` ]Ou pmOab`Pa X` b]Zmm`a _]PZc`a TOZ
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C1
C0
C2
;
;;
 !   V


Wu`jdm` X`  `O X` XT[[c`a V
n] UTPj ]mZa]bZT[ X` p`bb` P`dPca`[b]bZT[ 
 m 	]ZX` X` Pklm`a `ab ]mTPa XZP`pb` R

m` pmOab`P
C0
`ab Xc[Z d]P X`a _]m`OPa aOd cPZ`OP`a 
 ; aOP
X
R
C0 : X ∈ [60, 80]

m` pmOab`P
C1
`ab Xc[Z d]P X`a _]m`OPa aOd cPZ`OP`a 
 ; aOP
Y
R
C1 : Y ∈ [60, 80]
 

 	

        
  


`b m` pmOab`P
C2
`ab Xc[Z d]P X`a _]m`OPa Z[UcPZ`OP`a 
 ; aOP
X
`b aOP
Y
R
C2 : X ∈ [20, 40] `b Y ∈ [20, 40]
S]P pT[bP` f O[ ]PsP` X` XcpZaZT[ Tsb`[O X][a O[ b`m p]a d TOPP]Zb

bP` p`mO Z dPca`[bc
d]P m] lOP`  V V wP aZ m 	T[ Tsa`P_` pTjj`[b `ab p]P]pbcPZac m` pmOab`P
C1
X][a p` p]a f
T[ d `Ob P`j ]PyO`P yO 	Zm `ab Xc[Z d]P X`a _]m`OPa aOd cPZ`OP`a 
 ; aOP
X
`b aOP
Y
f ]mTPa
yO 	Zm [ 	`ab d]a ObZm` X` pT[aZXcP`P m`a _]m`OPa X`a j `jsP`a X`
C1
aOP
X
dTOP p]P]pbcPZa`P
m`OP ]dd]Pb`[][p` ]O pmOab`P V \ ][a O[ b`m p]a f m 	ObZmZa]bZT[ X` Pklm`a d `Pj `b XT[p X`
j Z[Zj Za`P m` [TjsP` X 	]bbPZsOba [cp`aa]ZP`a d TOP p]P]pbcPZa`P m`a pmOab`Pa V
X > 60
C0 Y > 60
C1 C2
 !   V

Wu`jdm` X 	]PsP` X` XcpZaZT[ Tsb`[O aOP m`  `O X` XT[[c`a V
S]P ]Zmm`OPa f X][a X`a p]a pTjj` p`Ou yOZ aT[b dPca`[bca X][a m] lOP`  Vo f m] X`a
pPZdbZT[ X`a pmOab`Pa d]P X`a Pklm`a `ab dmOa ]ddPTdPZc` yO` p`mm` ObZmZa][b m`a ]PsP`a X`
XcpZaZT[ p]P m`a Pklm`a d `Pj `bb`[b []bOP`mm`j `[b m] dPZa` `[ pTjdb` X`a pe`_]Ope`j `[ba
`[bP` pmOab`Pa f ]mTPa yO` m`a ]PsP`a X` XcpZaZT[ [` d TOPPT[b U]ZP` ]ObP`j `[b yO` X` Xc
pTOd `P m 	O[ X`a pmOab`Pa `[ X`Ou V W[ ` `b f X][a m`a X`Ou p]a f m` dP`j Z`P b`ab X` m 	]PsP`
X` XcpZaZT[ X`_P] d TPb`P aOP O[ XcpTOd]l` `[

TO  aOP m 	O[ X`a X`Ou ]u`a f p` yOZ ]OP]
U]b]m`j `[b d TOP ` `b X` XZ_Za`P m 	O[ X`a X`Ou pmOab`Pa V
 
 
 






















	
	
	




 !   Vo

r[bcP

b X` m 	ObZmZa]bZT[ X` Pklm`a d TOP P`dPca`[b`P m`a pmOab`Pa V
^ bZmZa`P X`a eQd `PP`pb][lm`a dmObb yO` X`a eQd `P`mmZdaTX`a d TOP P`dPca`[b`P m`a
pmOab`Pa d `Pj `b d]P ]Zmm`OPa 
 m 	ObZmZa]b`OP X 	Z[b`PdPcb`P dmOa U]pZm`j `[b m`a PcaOmb]ba V \ `
   
			

 	   	 

	

  

 
dmOa f p]mpOm`P m 	]dd]Pb`[][p` X`a Ts  `ba ]Ou pmOab`Pa mTPayO` p`Ou pZ aT[b P`dPca`[bca d]P
X`a eQd `PP`pb][lm`a `ab j TZ[a pTb`Ou yO` mTPayO` X`a eQd `P`mmZdaTX`a aT[b ObZmZaca f p`
yOZ d `Pj `b `[ d]PbZpOmZ`P f [TOa m` _`PPT[a X][a m] aOZb` f X` aZjdmZ`P dmOa []bOP`mm`j `[b
m`OP X`apPZdbZT[ `[ PcXOZa][b m` [TjsP` X 	]bbPZsOba pT[aZXcPca V
w[ P`dPca`[b` ]OaaZ aTO_`[b m`a pmOab`Pa d]P m`OPa p`[bPTX`a f j ]Za X][a X` [TjsP`Ou
p]a f m`a XZcP`[p`a `[bP` pmOab`Pa [` aT[b ]Z[aZ d]a j Za`a `[ ]_][b f aOPbTOb mTPayO` m`
[TjsP` X 	]bbPZsOba XcpPZ_][b p`a p`[bPTX`a `ab Zjd TPb][b V \ ` dmOa f aZ X][a m` dP`j Z`P
p]a X` m] lOP`  Vo f m`a XZcP`[p`a `[bP`a pmOab`Pa d `O_`[b

bP` j Za`a `[ ]_][b d]P m]
dPca`[b]bZT[ X`a p`[bP`a X` pmOab`Pa f `mm`a [` m` a`PT[b d]a XO bTOb X][a m` X`Ou Zkj ` p]a
d TOP m`yO`m m`a X`Ou p`[bP`a a` aOd `Pd Ta`[b V
\ ][a

tTPP` f

 `b

z]P] a `b ]m Vf ;;o f X`a j cbeTX`a aT[b dPTd Tac`a d TOP P`pe`P
pe`P X`a `[a`jsm`a X` Pklm`a d TOP P`dPca`[b`P m`a XT[[c`a V n] dP`j ZkP` `ab s]ac` aOP O[`
pPc]bZT[ ]ap`[X][b` X` p`a Pklm`a ]mTPa yO` m] a`pT[X` ObZmZa` O[ ]mlTPZbej ` lc[cbZyO`
d TOP m`OP UTPj ]bZT[ V i`d `[X][b f p`a X`Ou j cbeTX`a aT[b s]ac`a aOP m 	ObZmZa]bZT[ X 	O[
a`OZm X` X`[aZbc X`a Pklm`a dPTXOZb`a yOZ XTZb

bP` UTOP[Z d]P m 	ObZmZa]b`OP V wP X` b`ma
d]P]j kbP`a aT[b aTO_`[b XZ pZm`a 
 UTOP[ZP f `b m`a PcaOmb]ba aT[b Xcd `[X][ba X`a _]m`OPa
peTZaZ`a V \ ` dmOa f X` b`mm`a j cbeTX`a s]ac`a aOP m 	ObZmZa]bZT[ X 	O[ a`OZm X` X`[aZbc Xc[Z
X` j ][ZkP` lmTs]m` [` aT[b d]a p]d]sm`a X` pZs m`P X`a pmOab`Pa ]Q][b X`a X`[aZbca bPka
XZ cP`[b`a V
v Z[]m`j `[b f d TOP m] j Za` `[ O_P` X` [TbP` j cbeTX` f [TOa ]_T[a XT[p peTZaZ X` [TOa
s]a`P aOP m 	ObZmZa]bZT[ X` Pklm`a d TOP P`dPca`[b`P m`a pmOab`Pa ZX`[bZca f `b X` j Z[Zj Za`P
m` [TjsP` X` pT[[]Zaa][p`a ] dPZTPZ P`yOZa`a X` m] d]Pb X` m 	ObZmZa]b`OP V
&  
(*-0-0,,+ +,- )* ),+ /0 +,0,
n] sPZyO` X` s]a` X` [TbP` j cbeTX` `ab O[ ]mlTPZbej ` X` d]PbZbZT[[`j `[b aOP O[`
XZj `[aZT[ f yOZ a`P] ObZmZac aOP [ 	Zjd TPb` yO`m aTOa`[a`jsm` X 	Ts  `ba `b [ 	ZjdTPb` yO`mm`
XZj `[aZT[ X` U]T[ ZbcP]bZ_` V
w[ d `Ob 
 p` [Z_`]O `[_Za]l`P X` [TjsP`Oa`a j cbeTX`a d TOP d]PbZbZT[[`P O[ `[
a`jsm`
E
X`
n
_]m`OPa aOP O[` a`Om` XZj `[aZT[ {v1, ..., vn} V \ ][a m` p]a X 	O[` XZj `[aZT[
[Oj cPZyO` f O[` dP`j ZkP` ]ddPT pe` d TaaZs m` pT[aZab` 
 XZ_Za`P p`b `[a`jsm` `[ X`Ou `[
pTOd][b `[bP` m`a X`Ou _]m`OPa pT[acpObZ_`a acd]Pc`a d]P m] dmOa lP][X` XZab][p` V zZ m`a
_]m`OPa
vi
aT[b P][lc`a d]P TPXP` pPTZaa][b f p`m] P`_Z`[b XT[p 
 pe`Ppe`P R
Distmax(E) = Max
n−1
i=1 (vi+1 − vi)
i`bb` b`pe[ZyO` `ab ]mTPa bTOb 
 U]Zb ` p]p` mTPayO` X`a acd]P]bZT[a ZjdTPb][b`a
`[bP` m`a XT[[c`a `u Zab`[b aOP p`Pb]Z[`a XZj `[aZT[a f `b a 	Zm [ 	Q ] d]a X` sPOZb X][a m`a
XT[[c`a V i 	`ab m` p]a X][a m 	`u`jdm` X` m] lOP`  V f T O[ `[a`jsm` X` XT[[c`a dPT `bc`a
aOP O[` XZj `[aZT[ aOZ_`[b X`Ou XZabPZsObZT[a X` dPTs]sZmZbca X` X`[aZbc sZ`[ acd]Pc`a V
S]P pT[bP` f m] dPca`[p` X` sPOZb X][a m`a XT[[c`a PZayO` X` j `bbP` p`bb` j cbeTX`
`[ XcU]Ob 
 p]Oa` X` m 	]dd]PZbZT[ X 	Ts  `ba sPOZbca X][a m`a T[`a X` acd]P]bZT[ X`a
lPTOd `a V \ ` m] j

j` j ][ZkP` f aZ m`a XT[[c`a [` aT[b yO` U]Zs m`j `[b acd]Pc`a mTPa X`
m`OP dPT `pbZT[ aOP O[` XZj `[aZT[ f ]mTPa m] j cbeTX` d `Ob cl]m`j `[b cpeTO`P 
 pZs m`P m]
  	 	

 

  

 	 

	
 
;
; V
; V
; V
; V

; ; ; ; ;

;;
C0
C1
T[` X` acd]P]bZT[
 






iTTPXT[[c`a
 !   V

Wu`jdm` X` acd]P]bZT[ X`a XT[[c`a dPT `bc`a aOP O[` XZj `[aZT[ V
j `Zmm`OP` T[` X` acd]P]bZT[ f j

j` a 	Zm `ab dmOa dPTs]sm` yO` m`a _]m`OPa pT[acpObZ_`a
acd]Pc`a d]P m] dmOa lP][X` XZab][p` a` aZbO`[b X][a m`a T[`a X` acd]P]bZT[ X`a lPTOd `a
dmObb yO 	`[ m`OPa p`[bP`a V ^[ b`m p]a `ab ZmmOabPc d]P m] lOP`  V V
^[` aTmObZT[ d TOP d]mmZ`P 
 p`bb` mZj Zb]bZT[ pT[aZab` 
 P`pe`Ppe`P m] XZab][p` j ]uZ
j]m` `[bP` X`Ou Ts  `ba pT[b`[Oa X][a O[ p`Pb]Z[ _TZaZ[]l` f ]O mZ`O X` pe`Ppe`P 
 j]uZ
jZa`P m] XZab][p` `[bP` Ts  `ba XZP`pb`j `[b _TZaZ[a V w[ ]j cmZTP` ]Z[aZ m] dPTs]sZmZbc X`
pZs m`P X`a Ts  `ba dPT pe`a X`a T[`a X` acd]P]bZT[ X`a lPTOd `a V \][a p` p]a f aZ m 	T[ d Ta`
r
m` [TjsP` X` _TZaZ[a 
 pT[aZXcP`P cl]m 
 
 
X`
n
d]P `u`jdm` f p`m] P`_Z`[b XT[p 

pe`Ppe`P R
Distmax(E) = Max
n−r
i=1 (vi+r − vi)
n] T[` X` acd]P]bZT[ pTPP`ad T[X][b` a`P]Zb ]mTPa aZbOc` ]O j ZmZ`O X`a X`Ou Ts  `ba
acd]Pca d]P m] dmOa lP][X` XZab][p` f p 	`ab
XZP` 
 m] _]m`OP aOZ_][b` R
vj+r + vj
2
d TOP
j = ArgMaxn−ri=1 (vi+r − vi)
S]P ]Zmm`OPa f X 	]ObP`a j cbeTX`a dmOa pTjdm`u`a X` d]PbZbZT[[`j `[b aOP O[` XZj `[
aZT[ d `O_`[b

bP` pT[aZXcPc`a V n] j cbeTX` X` vZae`P

\ZX]Q `b ]m Vf

] f Xcb]Zmmc` `[
][[`u`a i V

f TO bTOb` j cbeTX` lc[cP]m` X` pmOab`PZ[l f b`mm` m] j cbeTX` X` pmOab`PZ[l
j`][a TO X` pmOab`PZ[l ab]bZabZyO` f d `O_`[b

bP` `[_Za]lc`a V
W[[ f T[ d `Ob peTZaZP X` XZ_ Za`P m`a XT[[c`a `[ X`Ou lPTOd `a f yOZbb` 
 P`XZ_ Za`P
`[aOZb` m`a XT[[c`a aOP m] j

j` XZj `[aZT[ dOZayO` p`bb` cb]d ` a`P] ZbcPc` f TO ]mTPa
pT[aZXcP`P XZcP`[ba [TjsP`a X` lPTOd `a d TaaZs m`a mTPa X`a XcpTOd]l`a aOP O[` XZj `[
aZT[ V
   
			

 	   	 

	

  

 
;
; V
; V
; V
; V

; ; ; ; ;

;;
C0
C1
xPOZb
T[` X` acd]P]bZT[
 






iTTPXT[[c`a
 !   V

Wu`jdm` X` XT[[c`a sPOZbc`a `b U]Zs m`j `[b acd]Pc`a V
n 	`[a`jsm` X` p`a peTZu Z[ O`[p` c_ZX`jj `[b m` b`jda X 	`ucpObZT[ X` m] j cbeTX` V
wP Zm a 	]lZb X 	O[` j cbeTX` cmcj `[b]ZP` yOZ a`P] `ucpObc` X` [TjsP`Oa`a UTZa d `[X][b
m 	]mlTPZbej ` lmTs]m V n] pTjdm`uZbc X` p`bb` Td cP]bZT[ cmcj `[b]ZP` _] XT[p Xcb`Pj Z[`P
m] pTjdm`u Zbc lc[cP]m` X` m] j cbeTX` V i 	`ab d TOPyOTZ X][a m] aOZb` f [TOa pT[aZXcPT[a
pTjj` Td cP]bZT[ cmcj `[b]ZP` X` d]PbZbZT[[`j `[b aOP O[` XZj `[aZT[ p`mm` yOZ pT[aZab`

 XZ_Za`P `[ X`Ou `[bP` m`a X`Ou _]m`OPa pT[b`[O`a X][a O[ p`Pb]Z[ _TZaZ[]l` `b acd]Pc`a
d]P m] dmOa lP][X` XZab][p` V
&  
(1)+* 1 0,-* - / ),+ /0 0 0,
	 p` [Z_`]O f [TOa pT[aZXcPT[a yO` [TOa XZad TaT[a X 	O[ ]mlTPZbej ` X` d]PbZbZT[
[`j `[b aOP O[` XZj `[aZT[ yO` [TOa [TjjT[a


 
 
 f yOZ ]Xj `b `[ `[bPc` O[
`[a`jsm` X` _]m`OPa `b yOZ UTOP[Zb `[ aTPbZ` O[` d]PbZbZT[ `[ X`Ou X` p`b `[a`jsm` V
i`b ]mlTPZbej ` d `Ob

bP` ObZmZac aOP [ 	Zjd TPb` yO`m pmOab`P Xc 
 UTPj c `[ dPT `b][b
m 	`[a`jsm` X`a Ts  `ba yOZ mO Z `ab ]aaT pZc aOP [ 	Zjd TPb` yO`mm` XZj `[aZT[ V n 	cb]d ` aOZ_][b`
pT[aZab` ]mTPa 
 peTZaZP m] j `Zmm`OP` XZ_ZaZT[ d]Pj Z bTOb`a m`a p][XZX]b`a V STOP p`m] f X`Ou
pT[aZXcP]bZT[a aT[b 
 dP`[XP` `[ pTjdb` R

V `abp` yO` m] acd]P]bZT[ `[bP` m`a X`Ou [TO_`]Ou pmOab`Pa `ab aZl[Zp]bZ_` 
 V m`a [TO_`]Ou pmOab`Pa UTPj ca aT[bZma d mOa Z[bcP`aa][ba yO` m` pmOab`P X` Xcd]Pb 
w[ P`bPTO_` ZpZ m` pTjdPTj Za pm]aaZyO` `[bP` m] j ]uZj Za]bZT[ X`a XZab][p`a Z[b`P
pmOab`Pa pPZbkP`

 `b m] j Z[Zj Za]bZT[ X`a XZab][p`a Z[bP]pmOab`Pa pPZbkP`  f j ]Za aZj 
dmZc X][a [TbP` p]a dOZayO` X][a m 	c_]mO]bZT[ XO dP`j Z`P pPZbkP` f m`a XZab][p`a aT[b
  

	

  



 			
 
P]j `[c`a 
 O[` a`Om` XZj `[aZT[ f `b yO` a`Om O[ aTOa`[a`jsm` X`a XZj `[aZT[a acm`pbZT[
[c`a OayO 	]mTPa `ab pT[aZXcPc d TOP m 	c_]mO]bZT[ XO a`pT[X pPZbkP` V
zTZb
Pd(Ck) = {pi1, pi2} m] d]PbZbZT[ Tsb`[O` d]P m] j cbeTX`



 
 
 m]yO`mm`
T[ ] UTOP[Z `[ `[bPc` m 	`[a`jsm`
Dkd
X`a pTTPXT[[c`a aOP m] XZj `[aZT[
d
X`a Ts  `ba
]dd]Pb`[][b ]O pmOab`P Z[ ZbZ]m
Ck
V
pi1
`b
pi2
aT[b m`a X`Ou Z[b`P_]mm`a pTPP`ad T[X][b pPcca
aOP m] XZj `[aZT[
d
V
STOP c_]mO`P m` dP`j Z`P pPZbkP` f m] j `aOP` ObZmZac` `ab bTOb aZjdm`j `[b m] XZab][p` X`
acd]P]bZT[ `[bP` m`a X`Ou Z[b`P_]mm`a UTPj ca
Distmax(Dkd)
f [TPj ]mZac` d]P |Dkd| f m] b]Zmm`
X` m 	Z[b`P_]mm` X` Xc[ZbZT[ X`a pTTPXT[[c`a X`a Ts  `ba X`
Ck
aOP m] XZj `[aZT[
d
T[
pT[aZXkP` m 	`ad]p` X][a m`yO`m
Ck
a` bPTO_` f `b [T[ d]a m 	`ad]p` pTjdm`b X` X`apPZdbZT[
S
 f d TOP d `Pj `bbP` X` pTjd]P`P X`a XZ_ ZaZT[a aOP X`a XZj `[aZT[a X` b]Zmm`a XZ cP`[b`a f
`b d T[XcPc` d]P m` [TjsP` X 	Ts  `ba XO pmOab`P Z[ ZbZ]m
Ck
dTOP U]_TPZa`P m] XZ_ ZaZT[ X`a
pmOab`Pa pT[b`[][b X]_][b]l` X 	Ts  `ba R
Interet(Pd(Ck)) = Nk × Distmax(Dkd)|Dkd|
SmOa p`bb` yO][bZbc `ab lP][X` f dmOa m] XZ_ ZaZT[ pTPP`ad T[X][b` `ab Olc` Z[bcP`aa][b` V
w[ pe`Ppe` sZ`[ ]Z[aZ 
 j]uZj Za`P m] XZab][p` acd]P][b m`a [TO_`]Ou pmOab`Pa dPTXOZba V
W[pTP` O[` UTZa f 
 p` [Z_`]O f XZ cP`[b`a j `aOP`a X` m] yO]mZbc Z[b`P[` X 	O[ d]PbZ
bZT[[`j `[b aOP O[` XZj `[aZT[ d `O_`[b

bP` `[_Za]lc`a f j ]Za Zm U]Ob yO 	`mm`a aTZ`[b `[
]ppTPX ]_`p m] j cbeTX` X` d]PbZbZT[[`j `[b ObZmZac` V zZ p 	`ab O[ pmOab`PZ[l ab]bZabZyO` yOZ
`ab ObZmZac d TOP d]PbZbZT[[`P m`a XT[[c`a `[ X`Ou f ]mTPa m` pPZbkP` X` m] _P]Za`jsm][p` XO
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^[ p]a T m`a j cbeTX`a `u Zab][b`a X` aOsad]p` pmOab`PZ[l a` pTjdTPb`[b j ]m
pT[bP]ZP`j `[b ]Ou j cbeTX`a dPTs]sZmZab`a V
\ ][a O[ b`m p]a f d TOP m`a j cbeTX`a X` aOsad]p` pmOab`PZ[l ]ap`[X][b`a aOP m`a XZj `[
aZT[a f Xcb]Zmmc`a `[ ][[`u`a x V f m 	`[a`jsm` X`a Ts 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 O[ O[ZyO` pmOab`P
d]Pp` yO 	Zma UTPj `[b O[` T[` pT[bZ[O` V i`a ]ddPTpe`a b`[X`[b ]mTPa 
 XcpPZP` X` b`mm`a
XT[[c`a d]P O[ O[ZyO` pmOab`P Xc[Z X][a O[ `ad]p` 
 X`Ou XZj `[aZT[a ]O mZ`O X` pT[aZ
XcP`P X`Ou pmOab`Pa Xc[Za pe]pO[ X][a O[ aTOa`ad]p` XZ cP`[b 
 O[` a`Om` XZj `[aZT[ V
n` dPTsmkj ` X`_Z`[b ]mTPa `[pTP` dmOa Zjd TPb][b mTPayO 	O[ [TjsP` dmOa pT[acyO`[b X`
XZj `[aZT[a aT[b pT[aZXcPc`a V 	 m 	Z[_`Pa` f d TOP m`a j cbeTX`a X` aOsad]p` pmOab`PZ[l X`a
p`[X][b`a aOP m`a XZj `[aZT[a f Xcb]Zmmc`a `[ ][[`u`a x Vo `b d TOP m] dmOd]Pb s]ac`a aOP O[`
]ddPT pe` X` bQd ` j`][a yOZ [` d `Pj `b d]a []bOP`mm`j `[b m 	Z[b`Pa`pbZT[ X`a pmOab`Pa f
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bP` ZX`[bZca V
S]P pT[bP` f m`a j cbeTX`a s]ac`a aOP m 	ObZmZa]bZT[ X` j TXkm`a dPTs]sZmZab`a aT[b p]
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d `O_`[b [cp`aaZb`P X` [TjsP`Oa`a cb]d `a ]_][b X` pT[_`Pl`P V S]P ]Zmm`OPa f [TOa _`PPT[a
m 	Z[bcP

b X 	]X]db`P p`a j cbeTX`a ]O p]a XO aOsad]p` pmOab`PZ[l f d]P m] j Za` `[ O_P`
X 	O[ jTXkm` d `Pj `bb][b X 	ZX`[bZ`P m`a aTOa`ad]p`a X` X`apPZdbZT[ ad cpZyO`a 
 pe]pO[
X`a pmOab`Pa V
W[[ f m` dPTsmkj ` X` m] Xcb`pbZT[ XO sPOZb yOZ d `Ob `u Zab`P X][a m`a XT[[c`a d `Ob
]OaaZ

bP` Z[bclPc []bOP`mm`j `[b X][a O[ p]XP` dPTs]sZmZab` V wP [TOa [TOa ]bb]yOT[a
cl]m`j `[b X][a [Ta bP]_]Ou 
 m] dPTsmcj ]bZyO` Zjd TPb][b` X` UTOP[ZP O[ PcaOmb]b pTj 
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P`dPca`[b][b pe]yO` pmOab`P aTOa UTPj ` X` Pklm` eQd `PP`pb][lm` X][a O[ aTOa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pm]aaZyO` p]P m` [TO_`]O j TXkm` [cp`aaZb` j TZ[a X` d]P]j kbP`a 
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jOmbZ[Tj Z]m`a f P`dPca`[bc`a d]P O[ _`pb`OP X` UPcyO`[p`a −−−−→
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f X 	O[ p`[bP`
µkd
`b X 	O[` Xc_Z]bZT[ ab][X]PX
σkd
aOP bTOb` XZj `[aZT[ [Oj cPZyO`
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m` pmOab`P a` aZbO][b 
 XPTZb` X][a m] lOP`  V V n`a [Tb]bZT[a
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Radius(Ck) =
∑
i∈Dk dist(
−→xi ,−→µk)
Nk
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Diam(Ck) =
∑
i∈Dk
∑
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−→xi ,−→xj)
Nk × (Nk − 1)
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Inter(k1, k2) =
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∑
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−→xi ,−→xj)
Nk1 ×Nk2
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V ar(k1, k2) =
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dist(−→xl ,−−−→µk1,k2)−
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E2(P ) =
K∑
k=1
∑
i∈Dk
dist(−→xi ,−→µk)
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E2p(P ) =
K∑
k=1
N∑
i=1
Pik × dist(−→xi ,−→µk)
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Q1(P ) =
K∑
k=1
Nk
N
×Radius(Ck)2
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Q2(P ) =
∑K
k=1Nk × (Nk − 1)×Diam(Ck)2∑K
k=1Nk × (Nk − 1)
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P (Dy|θ) =
N∏
i=1
P (yi|θ)
P (yi|θ) = P (−→xi ,−→zi |θ)
= pik × P (−→xi |θk)   k   zik = 1
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∏K
k=1(pik × P (−→xi |θk))zik
P (Dy|θ) =
N∏
i=1
K∏
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(pik × P (−→xi |θk))zik
log P (Dy|θ) =
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i=1
∑K
k=1 zik × log(pik × P (−→xi |θk))
=
∑N
i=1
∑K
k=1 zik × logP (−→xi |θk) +
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k=1 zik × log pik
Q(θ) = Ez{log P (Dy|θ)|Dx, θ}
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= pik×P (
−→xi |θk)P
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∂Q′
∂pik
=
N∑
i=1
zik
pik
− λ = 0
pik =
∑N
i=1 zik
λ
K∑
k=1
pik = 1 =
∑K
k=1
∑N
i=1 zik
λ
λ =
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N∑
i=1
zik = N
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∏
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∂µkd
logP (−→xi |θk) = 1
σ2kd
(xid − µkd)
∂Q′
∂µkd
=
N∑
i=1
zik
1
σ2kd
(xid − µkd) = 1
σ2kd
N∑
i=1
zik × (xid − µkd) = 0
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N∑
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zik × µkd
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∑
{1≤i≤N |xid=mod}
zik
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